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Fluctuations in Rotation Rate of the Flagellar Motor of Escherichia coli

Michael Kara-lvanov, Michael Eisenbach, and S. Roy Caplan
Department of Membrane Research and Biophysics, The Weizmann Institute of Science, 76100 Rehovot, Israel

ABSTRACT The purpose of this work was to study the changes in rotation rate of the bacterial motor and to try to
discriminate between various sources of these changes with the aim of understanding the mechanism of force generation
better. To this end Escherichia coli cells were tethered and videotaped with brief stroboscopic light flashes. The records were
scanned by means of a computerized motion analysis system, yielding cell size, radius of rotation, and accumulated angle
of rotation as functions of time for each cell selected. In conformity with previous studies, fluctuations in the rotation rate of
the flagellar motor were invariably found. Employing an exclusively counterclockwise rotating mutant (“gutted” RP1091 strain)
and using power spectral density, autocorrelation and residual mean square angle analysis, we found that a simple
superposition of rotational diffusion on a steady rotary motion is insufficient to describe the observed rotation. We observed
two additional rotational components, one fluctuating (0.04-0.6 s) and one oscillating (0.8-7 s). However, the effective
rotational diffusion coefficient obtained after taking these two components into account generally exceeded that calculated
from external friction by two orders of magnitude. This is consistent with a model incorporating association and dissociation

of force-generating units.

GLOSSARY

D rotational diffusion coefficient (Eq. 1)

D(z) time-dependent rotational diffusion
coefficient (Eq. 7)

D, limiting value of rotational diffusion
coefficient (Eq. 7)

Dy diffusion coefficient calculated from the

frictional coefficient
rotational diffusion coefficient judged from

a=1

initial slope of the plot 0%, vs a

K, dimensionless dissociation constant (Eq. 16)

K1) rotation rate autocorrelation function

K, preexponential factor of the rotation rate
autocorrelation function

ky pseudo-first-order rate constant for binding of
force-generating units

k, rate constant for release of force-generating
units

m number of associated force-generating units

n overall number of force-generating units

PSD power spectral density

14 probability of a single unit being found in
the associated state

r2 coefficient of determination

T time correlation constant characterizing the
memory of the system

T, length of the time interval representing one
realization in an ensemble
t time
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«a number of revolutions
o(t) accumulated angle describing position of
bacterial cell

A6(t) residual accumulated angle (Eq. 2)

o standard deviation of the rotation rate

Oloc standard deviation of the local rotation rate

Ogys standard deviation of the rotation rate arising
from the noise of the measuring system

o the variance of the time interval at necessary
to accomplish « revolutions (Eq. 1)

T mean rotation period

Q@) deviation from average rotation rate
(Appendix A)

o(t) rotation rate

o(t) average rotation rate

wg rotation rate of the rotor with a single
associated force-generating unit

INTRODUCTION

The motor responsible for the spinning motion of a single
bacterial flagellum couples a transmembrane flux of cations
(usually protons) to mechanical rotation of a rotor supported
within a stator. Both the structural and the functional aspects
of a molecular rotational mechanism present a formidable
array of problems, many of which are as perplexing now as
they were two decades ago when Berg and Anderson (1973)
first showed that bacteria swim by rotating their flagella.
The development of the technique of tethering bacteria
(Silverman and Simon, 1974) permitted direct observation
and measurement of the rotation of a single motor by
observing the motion of an entire bacterial cell. Using this
method, Berg attempted to determine whether the motor has
a ratchet-like or continuous drive by following the rotation
with a tracking microscope and pinhole technique (Berg,
1974, 1976; Berg et al., 1982). The eventual conclusion was
that the motion is surprisingly smooth even after taking
elastic filtering by the tether into account and that the
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number of steps (if present) could not be less than 100 per
revolution (Berg et al., 1982).

Nevertheless the rotation is not completely smooth. A
systematic study of fluctuations in the period of revolution
by Khan et al. (1985) led to the conclusion that the motor is
free to execute rotational Brownian movement above a
certain energy threshold. Khan et al. also concluded that
“apart from the discontinuous steps ... and the long-term
drifts . . . fluctuations attributable to torque generation were
not evident”. However, Eisenbach et al. (1990) observed
fluctuations in the rotation rate that could not be attributed
to simple rotational Brownian movement. Fluctuations in
flagellar rotation were also observed in nontethered flagella,
although on a smaller time scale (Kudo et al., 1990). As the
fluctuations are still in need of explanation, and might well
be an important clue to the mechanism of the rotary ma-
chinery at the molecular level, we have investigated them
more rigorously. Here we report the results of this investi-
gation. They suggest that the probable source of the fluctu-
ations is loose binding of force-generating units to the rotor.

MATERIALS AND METHODS
Chemicals

Antibodies to flagellin were from the National Center for Enterobacteri-
aceae, Central Laboratories, Ministry of Health, Jerusalem, Israel. Other
chemicals were of analytical grade. Ficoll 400 was obtained from Sigma
Chemical Co. (St. Louis, MO).

Bacteria

The E. coli strains used in this study were RP1091 and RP3098 (Parkinson
and Houts, 1982) and RP437 (Parkinson, 1978). The cells were grown at
35°C in a tryptone broth. Afterwards the cells were washed and resus-
pended in 10 mM potassium phosphate (pH 7)/0.1 mM EDTA/5 mM
glycerol before experimentation.

Data acquisition

Flagellar rotation was assayed by the tethering technique (Silverman and
Simon, 1974). Most of the flagella of the RP1091 and RP437 cells were
sheared off by a blender, and the cells were subsequently tethered on to a
cover glass (Lapidus et al., 1988) by using flil preadsorbed antibodies
against flagellin as described earlier (Ravid and Eisenbach, 1983). RP3098
cells were attached to a cover glass by antibodies against the cell surface.
Data were collected by recording videotapes (50 noninterlaced fields/s) of
tethered cells in a flow chamber (Berg and Block, 1984) under a Zeiss
phase-contrast microscope. The initial flow medium was the potassium
phosphate-EDTA-glycerol suspending medium described above. The flow
of the liquid in the flow chamber was stopped or minimized during the
periods of recording. To maintain constant temperature, the flow chamber
filled with initial medium was placed on a temperature-regulated micro-
scope stage controlled by circulation of water from a thermostatted water
bath. New medium reaching the flow chamber had been kept in the same
water bath. Measurements were performed at 29°C. The size, angular
position, and average radius of rotation of a given cell body were deter-
mined by using the motion analysis system described below.

Cells that slowed down or paused at fixed angles were disregarded
because of suspected mechanical interaction with the glass. After the initial
collection of data from selected cells, the flow medium was usually
changed by addition of a viscous agent (stepwise change in Ficoll concen-
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tration) or by the addition of uncoupler (stepwise change in 2,4-dinitro-
phenol (DNP) concentration). In experiments involving increased viscous
loads, Ficoll was added to the medium from concentrated stock solutions.
Viscosity was measured in Ostwald and Ubbelohde viscometers at 29.0°C.
In each case 7000 bacterial images were accumulated, 1 every 20 ms.
Operation of a peristaltic pump (LKB 2232 Microperpex S, flow rate
30-40 ml/h) for 6-10 min changed the contents of the flow chamber.

Motion analysis system

The main features of the system are:

(1) Stroboscopic illumination with brief (2-5 ps) light flashes, providing a
sharply defined image of some 60 pixels in each field (a synchronized
bulb-type xenon lamp was used in combination with a high resolution
camera mounted on a Zeiss microscope).

(2) Appropriate filtering and processing techniques, improving the signal-
to-noise ratio.

(3) Computerized field-by-field data acquisition, with program-controlled
videotapes.

(4) Continuous automatic measurement of bacterial size, angular position,
positions of the center of gravity and center of rotation, etc., at discrete time
intervals of 20 ms, by approximating the cell body as an equivalent
ellipsoid.

(5) Processing of raw data by a dedicated computer application designed
to calculate accumulated angle, angular velocity, and other descriptive
parameters.

(6) Visual display of calculated data on a monitor, enabling them to be
edited and filed for further processing by external statistical or other
programs.

The system was designed and built in collaboration with Arshach
Applied Science Laboratories (Rosh-Pinna, Israel).

Calibration and testing of the system

Calibration and testing were carried out in part by constructing several
types of fake cells, i.e., cardboard cut-outs of typical cell shapes as seen in
the microscope. To ensure absolutely smooth rotation, fake cells were
attached to a massive turntable (Lenco, 3 kg) mounted on vibration
dampers and spun by means of a rubber-tired transmission wheel. Efforts
were taken to ensure that the contrast between fake cell and surroundings
simulated as far as possible that of real tethered cells. The mean rotation
rate of a fake cell within the physiological range was correctly determined
by our system by using the method of least squares. An estimated standard
error of slope determination (see, for example, Ott, 1988) was less than
+0.01%. The angular reading error (i.e., standard deviation) associated
with the system, 0,4, Was determined with tethered cells from several
hundred independent measurements of the long axis angular position for a
given frame. Using a number of arbitrarily chosen frames from different
experiments, we found 0,4 = =1.50--3.31°, depending on the shape and
length of the tethered bacterial cell. This error arises from uncertainties in
the cell image boundary definition in regions where the contrast is low.
Thus, in the measurement of rotation rate from any given pair of adjacent
frames, the standard deviation arising from the system, o, is given by
Oy = (27%/0.02)0,,q = +0.29-0.65 Hz. Note that small changes in cell
shape from frame to frame are averaged out by our algorithms.

To estimate the restricted (nonrotational) Brownian motion or jiggling
of the cell body resulting from collisions with medium molecules, RP3098
cells were tethered to the glass by antibody to the cell surface. These cells
carry a deletion of the entire flil-fliH region (Parkinson and Houts, 1982)
and thus lack all motor and flagella components.

Point dark-field microscopy

This method measures local submicron cell membrane displacements
within the frequency range 0.3-15 Hz. The measurements were performed



252 Biophysical Journal

in collaboration with Prof. R. Korenstein and co-workers by using a
technique recently developed in their laboratory (Levin and Korenstein,
1991; Mittelman et al., 1991). Tethered cells, attached to a glass coverslip
by antibody to the flagellin (RP1091) or to the cell surface (RP3098), were
illuminated over a small area (0.25 1xm?), and the time-dependent changes
in light reflection and scattering were recorded.

Calculation of the frictional coefficient of the
bacterial body

To estimate the frictional coefficient f of a rotating tethered cell we treated
the cell body as a prolate ellipsoid and used the formula f = f, + r°f, where
f. is the frictional coefficient for rotation about the minor axis of the
ellipsoid, f; the frictional coefficient for translation perpendicular to the
major axis of the ellipsoid, and r the distance from the point of attachment
of the tether to the center of the cell (Sadron, 1953; Meister and Berg,
1987; Iwazawa et al., 1993). The diffusion coefficient Dy, calculated from
the frictional coefficient for the group of RP1091 cells (typical cell size, 3
pm X 0.7 pum; radius of rotation, 0.8 um) according to the Einstein-
Smoluchowsky relation D, = kT}f, did not exceed 0.2 rad?/s (see Table 1).

RESULTS AND DATA TREATMENT
Rotation rate versus time

An example of data obtained by our system is shown in Fig.
1 A. To avoid fluctuations in rotation rate resulting from
reversals associated with the switch action, the study was
carried out with the “gutted” strain RP1091, unless other-
wise mentioned. This strain is a mutant derived from RP437
which, as a result of the deletion of the genes from cheA to
cheZ, lacks a large part of the chemotaxis machinery (Par-
kinson and Houts, 1982). To calculate accumulated angles
from the angular positions of the long axis of the bacterium
(i.e., the raw data) two alternative algorithms were em-
ployed. The first was based on the assumption that the angle
of rotation during 20 ms (one field) does not exceed 90°;
i.e., successive pairs of frames always show the bacterium
in the same or adjacent quadrants. This algorithm cannot be
used for rapidly rotating bacteria. We limited its application
to cells with average rotation rates less than 8 Hz. The
second was based on a determination of the position of the
instantaneous center of rotation, defined by the intersection
of two lines corresponding to the positions of the long axes
in two adjacent fields. This algorithm can be used for more
rapidly rotating bacteria but requires that rotation of the

TABLE 1 Parameters of rotation of RP1091 E. coli cells

o (Hz) Dy (rad?/s) D, (rad%/s) T (s)
Groupl 192+*0.16 0.18*x0.02 17.08*360 029 =*0.03
Group2 130+026 0.17 +0.01 0.95+ 039 0.03 =0.01

Values of o(f) (average rotation rates of tethered cells) ranged from 0.694
to 13.161 Hz for the cells in group 1 (23 cells, see text) and from 0.933 to
9.137 Hz for the cells in group 2 (7 cells). Mean *+ SE (standard error of
the mean) values of o (standard deviation of the rotation rate), D, (diffusion
coefficient of the bacterial body calculated from the friction coefficient, D,,
(limiting value of rotational diffusion coefficient), and T (time correlation
constant characterizing the memory of the system) are presented for each
group.
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FIGURE 1 Accumulated angle and rotation rate as functions of time for
a tethered E. coli cell (RP1091). (A) Accumulated angle, corresponding to
the position of the long axis of a smoothly rotating cell versus time. Each
line consists of a series of discrete points at 20-ms intervals. Upper curve:
0% Ficoll; the rotation rate determined by least-squares is 4.749 * 0.001
Hz (mean * estimated standard error). Middle curve: 5% Ficoll; rotation
rate 3.497 = 0.001 Hz. The time scale for this curve is shown above the
plot. Lower curve: 20% Ficoll; rotation rate 0.144 * 0.001 Hz. (B)
Rotation rate versus time for 2-s time intervals selected from the data
shown in A. Upper curve: 0% Ficoll; the mean rate for the selected interval
is 6.25 * 1.62 Hz (standard deviation of the local rate calculated for the
100 points shown). Oscillations are visible at twice the rotation frequency
(see text). Middle curve: 5% Ficoll, mean rate 3.60 = 0.90 Hz. Lower
curve: 20% Ficoll, mean rate 0.15 * 0.49 Hz. The amplitude of the
fluctuations decreases linearly with a decrease in average rotation rate.

bacterial body should occur around a point near one end, as
is frequently the case, rather than around the center.

An important difference between the earlier analysis of
variance of tethered cell rotation carried out by Khan et al.
(1985) and the present study is that Khan et al. measured the
variance of whole rotation periods whereas here the vari-
ance in field-by-field angular displacement is measured.
Although much more informative, our approach required
particular attention to be paid to position-dependent irreg-
ularities of rotation.

An example of the time dependence of the measured
rotation rate for the cell shown in Fig. 1 A is shown in Fig,
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1 B. Each point corresponds to a local rate obtained from the
difference of two successive values of the accumulated
angle. In the upper curve (motility buffer without Ficoll),
large fluctuations are seen, predominantly oscillations at
twice the rotation frquency. The origin of these is discussed
in the next section. The standard deviation of the local rate,
00, Calculated for the 100 data points shown in Fig. 1 B, is
+1.62 Hz, which is ~30% of the mean rate. Only a minor
part (not more than 20%) of these fluctuations can be
attributed to the noise of the measuring system. This esti-
mate was made on the basis of a detailed analysis of various
noise components introduced by the system. It turned out
that o, which is +£0.30 Hz for this particular cell, is the
dominant component.

To determine the effect of increased viscosity on the
fluctuations, the experiment was repeated in various Ficoll
concentrations. The value of o, (Which is a measure of the
amplitude of the rate fluctuations) decreased upon increase
of the Ficoll concentration. A similar pattern was seen after
a stepwise increase of DNP concentration up to 5 mM (not
shown). The general trend observed was a linear decrease in
010 With decrease in the mean rotation rate in both cases.

Distributions of angular positions of rotating cells
in the angular and frequency domains

It seems possible that if a relatively small number of equally
spaced force-generating units are located near the perimeter
of the rotor (see, for example, Khan et al., 1988; Caplan and
Kara-Ivanov 1993), a periodic pattern in the histogram of
angular positions might be observed. Using the fast Fourier
transform method, we analyzed histograms of thousands of
angular positions for patterns without success. Another ap-
proach was to apply PSD analysis to the time dependence of
the rotation rate. However, no peaks were found in the
power density spectrum in the region 2-25 Hz (see Figs. 2
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FIGURE 2 Power spectral density of the rotation rate for a tethered
RP1091 cell. Peaks corresponding to slow oscillations of rate are present in
the low frequency region of the spectrum. In contrast to the cell studied in
Fig. 1, this cell did not show oscillations at multiples of the rotation rate.
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FIGURE 3 Rotation rate as a function of time for a tethered E. coli cell
(RP1091) with its associated power spectral density. (A) Rotation rate
versus time over an extended period. Distinct oscillations in rate are seen.
(B) Power spectral density of the data in A showing an oscillatory com-
ponent at approximately 0.4 Hz. The doublet peaks at 5.5 Hz and 11 Hz
correspond, respectively, to the rotation rate and double the rotation rate
and are discussed in the text.

and 3 B), except that in most cases distinct peaks exactly
corresponding to multiples of the mean rotation rate were
observed. A geometrical analysis of the rotation indicated
that these peaks, which usually appear as doublets, arise
partly because of lack of parallelism between the plane of
rotation and the coverslip and partly because the axis of
rotation may be viewed somewhat obliquely, leading to an
apparent acceleration and deceleration in each revolution.
They provide a sensitive tool for the determination of the
mean rotation rate and its distribution about the mean.
Our results indicate that no statistically significant high
frequency pattern is observable at the resolution of our
equipment in either the angular or frequency domains. As-
suming an absolutely rigid tether, our technique can resolve
up to 25 equidistant steps per second if the rotation rate is
constant. Hence we are still in agreement with the conclu-
sions of Berg et al. (1982) that, even if the rotation of the
motor does have a stepping character, the number of steps is
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too large to be resolved with current methods. This does not
conflict with the postulated regular distribution of force-
generating units, as elastic filtering may well conceal a
pattern in the distribution of positions.

Slow changes in rotation rate

In more than 60% of the RP1091 cells studied, a slow
change in rotation rate (approximately once in 1-6 s) be-
tween a faster and a slower component was visible by eye.
A typical PSD of the rotation rate for RP1091 cells is shown
in Fig. 2. The peaks in the low frequency region of the
spectrum are related to the stow changes of rotation rate, the
latter being usually (but not always) visually identifiable by
videotape inspection. For several of these cells the changes
had a clearly periodic character, as is seen in the example
shown in Fig. 3. In this case the fast phase lasted 1.5 s and
the slow phase lasted 0.8 s on the average. Obviously these
oscillations cannot be the consequence of mechanical inter-
action of the cell body with the glass surface. Of 37 RP1091
cells studied, 24 (65%) had at least one peak in the low
frequency (0-1.2 Hz) region of the power spectrum. Most
frequently the maximal peaks were located between 0.16
and 0.3 Hz. No significant alteration in the location of the
maxima was seen on changing solution viscosity, nor was
any cross-correlation observed between the oscillations and
the rotation.

Behavior similar to that shown in Fig. 2 was also ob-
served in the group of RP437 (wild type for chemotaxis)
cells studied. Low frequency peaks were found in six of the
seven cells examined. To investigate the possible effect of
attractant stimulation on low frequency oscillations, a mix-
ture of methylaspartic acid (0.1 mM) and aminoisobutyric
acid (10 mM) was added to the flow medium. Two cells lost
their low frequency peaks and the remainder were unaf-
fected. Although no firm conclusion can be drawn from this
experiment, the low frequency phenomenon seems insensi-
tive to attractant stimulation.

It should be mentioned that we observed a remarkable
resemblance between the respective time scales of the fast
and slow phases in the rotation of the RP1091 cells and the
clockwise and counterclockwise phases in the RP437 cells
(not shown).

Data treatment according to the method of Khan
et al. (1985)

Although our data contain a great deal of detailed informa-
tion on the successive angular positions of the bacterial
body during a single revolution, for comparison with pre-
vious work we performed a preliminary zero level analysis.
This made use of smoothed data obtained by averaging the
rotation rate for each revolution. A program was written to
calculate the lengths of periods of successive revolutions
from the accumulated angle time dependence. Linear inter-
polation provided the missing data in the small time inter-
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vals at the beginning and end of each revolution. This
treatment converted our data to the form of the raw data
used by Khan et al. (1985) to prove that tethered Strepto-
coccus cells are free to execute rotational Brownian move-
ment. According to Khan et al. (1985), if this is the case the
variance of the time interval a7 necessary to accomplish «
revolutions of mean period T is proportional to a:

o, = (D7I2m)a, ¢))

where D is the diffusion coefficient for rotational Brownian
movement. Plots of the variance o”,,, as a function of « for
two RP1091 cells are shown in Fig. 4. Khan et al. (1985)
found a pronounced nonlinearity for Streptococcus cells and
restricted themselves to the initial slopes, presenting diffu-
sion coefficient values D, _ ; calculated from the slopes
evaluated at « = 1. They explained the upward curvature of
their plots as stemming from a gradual decrease of the
rotation rate (such increases and decreases were referred to
as drift). Values of D,, _ ; for the two RP1091 cells depicted
in Fig. 4 were 7.23 and 33.06 rad’/s (upper and lower
curves, respectively). These values significantly exceed the
values D; = 0.19 and 0.22 rad?/s, calculated from the
frictional coefficients of ellipsoids with dimensions corre-
sponding to those of the RP1091 cells. An interpretation of
these data will be discussed below.

Autocorrelation function of rotation rate

An important tool in the study of stochastic processes is the
autocorrelation function (see, for example, Cooper and
McGillem, 1967). A typical autocorrelation function of the
rotation rate of a tethered bacterium sampled with a time
interval of 20 ms is shown in Fig. 5. An initial rapidly
decreasing component is seen, followed by a series of small
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FIGURE 4 Variance in rotation interval as a function of the number of
revolutions per interval for two medium-sized E. coli cells (RP1091)
calculated according to the algorithm of Khan et al. (1985). The mean
rotation periods for the first (*) and second (+) cells, respectively, were
0.209 and 0.095 s. The rotational diffusion coefficients D,, _ , for the two
cells calculated from the initial slopes of the curves (using the data points
at o = 1) were 7.23 and 33.06 rad/s, respectively.
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FIGURE 5 Autocorrelation function of the rotation rate of a tethered E.
coli cell (RP1091). The data are for the first cell in Fig. 4. The autocor-
relation function can be decomposed into the sum of two functions: an
exponentially decreasing component and a low frequency component of
period 2-3 s. (A) The best fit according to the equation K(¢f) =
Kgexp(—¢/T) (see text) gives the parameters T = 0.21 s and K;=93.66
rad?/s?, leading to the value D,,=19.67 rad%/s. (B) Autocorrelation function
of the rotation rate for the same cell averaged for each revolution. The best
fit now gives the parameters T = 0.29 s and K, = 53.90 rad*/s, leading to
D,, = 15.63 rad?s.

peaks separated by 2- to 3-s time intervals. These peaks
correspond to the low frequency oscillations described
above in the section on slow changes in rotation rate. It is
frequently assumed that the autocorrelation function has the
exponential form K(¢) = Kyexp(—#/T) in the high frequency
range (Cooper and McGillem, 1967), where ¢ represents
time and K, and T are parameters. We approximated the
initial fast component by this function. The best fit for most
of the RP1091 cells studied was good, the coefficient of
determination (see, for example, Ott, 1988) being r* > 0.97.
The parameter K, corresponds to the variance of the local
rotation rate 0%, (calculated for the complete set of data),
the parameter T to the memory of the system, i.e., the
characteristic time during which the motor retains its rota-
tion rate. The exponential best fit shown in Fig. 5 A gives
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the values K, = 93.66 rad’/s® and T = 0.21 s for the initial
component.

To check the stiffness of our results, we calculated the
autocorrelation function of the rotation rate averaged
through each revolution (as described in previous section)
versus time. The exponential best fit shown in Fig. 5 B
refers to the same cell and gives the values K, = 53.90
rad%/s? and T = 0.29 s. The decrease in K, is a result of the
averaging effect on the fluctuations. The agreement be-
tween the two autocorrelation functions confirms that we
are dealing with motor properties and not with sampling
artifacts.

Mean rotation rate

The hypothesis of Khan et al. (1985) that tethered cells are
free to execute rotational Brownian motion is based on the
assumption that the average rotation rate does not change
significantly over relatively long time intervals. To verify
the existence of a stable average rotation rate characteristic
of each RP1091 cell, the dependence of the average revo-
lution period for a given time interval was examined as a
function of the length of this interval. An example is plotted
in Fig. 6. After approximately 100 revolutions the curve
reaches a plateau, after which changes in the mean revolu-
tion period do not exceed 3%. Another procedure was to fit
a parabolic function to the time dependence of the accumu-
lated angle to determine the sign and value of the coefficient
of the square term. If a systematic decrease in rotation rate
were present we would expect to obtain a statistically sig-
nificant negative coefficient. This was not observed for the
RP1091 cells studied. The same conclusion can be derived
from the rate autocorrelation plots (see Fig. 5). Only cells
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FIGURE 6 Dependence of the average revolution period for a given time
interval as a function of the interval length. The data are normalized to the
mean period of revolution in the plateau, 0.209 s (see text). Note that the
asymptotic rise reflects the arbitrarily chosen zero time; a different choice
of zero time for the same cell produces an asymptotic decrease to the same
stable average. The interval between tethering and the start of data acqui-
sition generally varied between several minutes and an hour.



256 Biophysical Journal

clearly exhibiting a consistent mean rotation rate (varying
by less than +3%) were analyzed further.

Mean square residual angle and
diffusion coefficient

From the accumulated angle 6(¢) describing the position of
the long axis of a tethered bacterium we obtain the average
rate of rotation, o(7), and hence the residual accumulated
angle A6(r):

AB(2) = 6(t) — wlt) 1. ()

According to the simple rotational diffusion model used
by Khan et al. (1985), i.e., rotational Brownian motion
superimposed on a stable average rotation rate, the mean
square residual angle ((A6(z))®) (an ensemble average, as
will be discussed below) should be proportional to time:

([A6(r))) = 2Dr. 3

It was shown by Einstein (1906) that the proportionality in
Eq. 3 extends down to ~10~" s for micron size particles in
water at room temperature. Beyond this lower limit we enter
the so-called ballistic domain, where the residual mean
square angle is proportional to t*:

([A6()F) = 7. )

This is because the extremely short time scale considered
(comparable with the mean time between collisions of the
particle with the solvent molecules) effectively eliminates
collision averaging. The generalization of Eq. 3 for all times
has been discussed, for example, by Uhlenbeck and Orn-
stein (1930). The ballistic domain is generally beyond the
limit of resolution in diffusion measurements. However, in
our case, as is shown in Appendix A, the observed expo-
nential component of the autocorrelation function is consis-
tent with a ballistic type of behavior extending to the time
scale of milliseconds (cf. Eq. 10 of Uhlenbeck and Ornstein,
1930):

([A6() ) = 2K, T /T + exp(—4/T) — 1]. )

A possible mechanism for this behavior will be discussed
below. Expansion of the right-hand side of Eq. 5 leads to

(AO()P) = 2K, T FRT? — 26T +...],  (6)

which reduces to Eq. 4 at sufficiently small values of #/T.
The time-dependent diffusion coefficient determined
from the residual mean square angle is

d
D(r) =172 ; ([A6()F) = D.{1 = exp(=#/T)], (7)

where D,, = KT is the limiting value of diffusion coeffi-
cient as f—>®,
At short times we can approximate D(z) by

Dt)=DT=Kg(t<T), ®)
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whereas at long times D(z) approaches the stationary value
we have just seen

D@)~D.=KT(>T). )

To compare the predictions of this model with experi-
mental data, we subtracted the component of the accumu-
lated angle corresponding to a constant rotation rate from
the data shown in Fig. 1 A. This gave rise to the residual
angle shown in Fig. 7. Note that the slope of the linear
component corresponds to the plateau of the average revo-
lution period (see Fig. 6).

To calculate the mean square residual angle ([A8(¢)]%), an
ensemble for averaging must be defined that is large enough
to provide a truly representative mean. To minimize the
effect of the low frequency oscillations, the time interval
corresponding to one sampling period should be signifi-
cantly less than their characteristic time (2-3 s in the case of
the bacterium depicted in Fig. 5). At the same time this time
interval should exceed the value of T determined from the
exponential fit of the autocorrelation function (0.21 s for
this cell). These conditions were met (see Appendix C) by
choosing the geometric mean of the characteristic times, T,
as the sampling period (0.6 s in the case of Fig. 5).

The following algorithm was then used. The accumulated
angle (6(t)) data for each bacterium were divided into
successive intervals of the same length T,,,. From the values
of 6(¢) in each interval the quantity w(f)t was subtracted
(Appendix A, Eq. A2). The latter quantity incorporates the
global mean rotation rate determined by the plateau in Fig.
6. The sets of residual angles A6(z) thus formed were
brought to the same origin, as shown in Fig. 8. Each set was
viewed as an independent realization of the stochastic pro-
cess and the mean square of the residuals ({A6(1)]°) was
calculated. A typical time dependence of the mean square
residual angle value for a tethered RP1091 bacterium is
shown in the upper curve of Fig. 9. This was obtained by

RESIDUAL ACCUMULATED ANGLE (rad)

[ 20 40 60 80 100 120 140

TIME (s)

FIGURE 7 Residual accumulated angle as a function of time for a
tethered E. coli cell (RP1091). The residual accumulated angle was ob-
tained by subtracting the linear component (corresponding to rotation with
a constant rotation rate) from the data depicted in Fig. 1 A.
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RESIDUAL ACCUMULATED ANGLE (rad)

0 0.1 02 03 04 0.5 0.6
TIME (s)
FIGURE 8 Residual accumulated angle as a function of time. The data

were subdivided into 233 intervals and brought to the same origin. A group
of 20 of these are depicted.

averaging 233 sampling periods (so as to arrive at the value
T, = 0.6 s from the 6990 data points sampled at 20-ms
intervals). Clearly, simple rotational diffusion (Eq. 3) can-
not account for the data. The characteristic concave shape of
the plot, followed by an approach to linear time dependence
with increasing values of time, was seen in the majority of
cells.

The best fit corresponding to Eq. 5 of the upper curve of
Fig. 9 was good (¥ = 0.999), yielding the values K, =
68.39 rad’/s*>, T = 0.28 s, and D,, = K,T = 19.15 rad®s.
Mean values (*+SE) of the parameters D, and T for 23
RP1091 cells (group 1) are given in Table 1. All of these
cells were selected according to the criterion * < 0.99
when fitting to the exponential region of the autocorrelation
function. In this group the values of both D, derived from
residual mean square angles and D, _ ; (not shown) derived
from rotational periods significantly exceed the calculated
value of D; Values of the same parameters for the remain-
ing 7 RP1091 cells (group 2) are also given in Table 1. Here
r* < 0.99 when fitting to the exponential region of the
autocorrelation function, and the smaller mean value of T
corresponds to a less pronounced concavity and hence a
closer approach to simple rotational diffusion. Accordingly
the D,, values are, on the average, closer to the D; values.
The broad spread of the values of D, indicated by the
relatively large SE shown in Table 1 probably reflects
variations in the properties of individual motors and their
local microenvironments.

The lower curve of Fig. 9 corresponds to the mean square
angle calculated by the same algorithm for an RP3098 cell
(a mutant lacking flagella as well as the chemotaxis ma-
chinery (Parkinson and Houts, 1982)) tethered to a cover
glass by antibody against the cell surface. The cell jitters
around its equilibrium position because of random colli-
sions with the medium molecules. In the case of free rota-
tional diffusion of a cell with the same geometry around a
tether, we would expect a linear dependence of the mean
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FIGURE 9 Mean square residual angle as a function of time. Upper
curve: The mean square residual angle time dependence for an E. coli cell
(RP1091), the first cell in Fig. 4, is characterized by a typical concave
shape on a time scale of seconds. Averaging was done with 233 intervals.
The number of intervals was chosen to produce an interval length of 0.6 s
as discussed in the text. Lower curve: The mean square residual angle time
dependence for an RP3098 cell of similar size attached to the cover glass
by antibody against the cell surface. The diffusion coefficient is 0.02 rad%/s.

square angle with a diffusion coefficient D; = 0.2 rad?/s.
The value obtained from the lower curve of Fig. 9, 0.02
rad?/s, is a result of the restriction imposed on the bacterial
body by the antibody tethering it to the cover glass.

Point dark-field microscopy

In an attempt to discriminate between possible sources of
the oscillations in rotation rate, point dark-field microscopy
(Levin and Korenstein, 1991; Mittelman et al., 1991) was
carried out. Light reflection and scattering from flagellated
cells (RP1091) attached to a coverslip by antibody to the
flagellin, and nonflagellated cells (RP3098) attached to a
coverslip by antibody to the cell surface, were examined.
Both strains produced low frequency oscillations character-
ized by a PSD similar to that shown in Fig. 2. These results
suggest that low frequency oscillations are unconnected
with the motor machinery and hence are probably related to
local mechanical movements of the membrane.

Rapid changes in rotation rate: an interpretation
in terms of dissociation and association of the
force-generating units

The effect of changes in the number of force-generating
units on motor rotation can be analyzed in terms of the
following model. It is assumed that there are n independent
units, each of which can exist in two states with respect to
the rotor: associated and dissociated. Each associated unit
contributes an additive component w, to the rotation rate,
whereas dissociated units do not contribute. Note that, in
terms of the Berg-Khan or Liuger models, dissociated
force-generating units would not be expected to conduct
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protons (Caplan and Kara-Ivanov, 1993). Indeed, relatively
low conductivity was observed in vesicles containing wild-
type MotA, the protein postulated to be the proton-conduct-
ing component of the force-generating units (Blair and
Berg, 1990). Even this low conductivity was later attributed
to leakage stemming from an interaction with a fusion
fragment generated by the plasmid used (Stolz and Berg,
1991). If the equilibrium probability of association for any
given unit is p, one finds the expectation value and the mean
square deviation of the rotation rate to be (see Appendix B)

o(t) = npey (10)
o =np(1—p)wt. @11)
From Egs. 10 and 11 we obtain

p =11+ n[a/e®)P) . (12)

Making the simplest possible assumption that association of
force-generating units occurs independently according to
the equilibrium

F + R=FR, (13)

where F represents a dissociated force-generating unit, R the
rotor (with or without other units bound), and FR the
complex of both, we can write

p = [FRY([F] + [FR]) = ky/(k; + k) . 14

Here k; is the pseudo-first-order rate constant for binding
and k, the rate constant for release; hence at equilibrium

ki[F] = k;[FR]. (15)
For the dimensionless dissociation constant Ky we have

As is shown in Appendix B the autocorrelation function of
the rotation rate, K(¢), is in this case given by

K(t) = o?exp(—(ky + kp)t) . a7

This means that the parameters of Eqs. 5 and 7 can imme-
diately be identified with 0%, 0*T, and 1/(k, + k,), respec-
tively:

Ko=0*Do=0T,T=1/(k; + k) . (18)
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D,, can also be estimated as the integral of the autocorrela-
tion function K(¢) (see Appendix A, Eq. A3) and o” as the
difference

o= o'lzoc - oﬁys . (19)

Hence the model predicts the characteristic early concavity
and subsequent linearity in the residual mean square angle
time dependence. From Eqgs. 14 and 18 we obtain:

k = pIT, (20)
k,=(1 - p)T. (21)

Estimation of the dissociation constant of a
force-generating unit

The parameters n and @, can be estimated from the data of
Blair and Berg (1988): n ~ 8, w0, ~ 0.5-1.9 Hz (for
different cells). Mean values of p, &, and K, for 23 RP1091
cells (group 1), calculated according to Egs. 12, 16, and 20,
are given in Table 2, In these calculations o is approximated
bY Ojocs 88 Oy is relatively small as indicated above in the
section on rotation rate versus time. The values of w,
calculated from Eq. 10 are consistent with the eight steps in
rotation rate observed by Blair and Berg (1988) on restoring
defective motors. For this group of cells we find (mean
value = SE) P = 0.49 + 0.04,k, =219 + 0.34s™\, k, =
2.15 * 029 s, and K4 = 1.51 * 0.27. The number of
force-generating units used in these calculations, n = 8§, is
close to the number of flagellar studs seen by electron
microscopy (Khan et al., 1988). This number varied over a
rather narrow range; complete ring structures had 14 to 16
particles in Streptococcus and 10-12 in E. coli. Note that, as
the postulated dissociation-association reaction is stochas-
tic, involving at least eight force-generating units, discrete
changes in speed would not be expected to be resolved with
our system.

The association of the force-generating units appears to
be looser if 7 is taken to be larger than 8. The maximal value
of n can be estimated from geometrical considerations.
Assuming the diameter of the M ring to be 29 nm (Stallm-
eyer et al., 1989) and that of the MotA/MotB complexes to
be 2.5 nm (based on the a-helix diameter given by Shulz
and Schirmer, 1979), which supposedly correspond to the
diameters of the rotor and force-generating units, respec-
tively, the maximal number of the latter that can be fitted

TABLE 2 Calculated probabilities, rate constants, and dissociation constants of the force-generating units of RP1091 E. coli

cells (group 1)

n=28
p k (s7Y) Ky
049 * 0.04 219+ 0.34 1.51 = 0.27

n=25
p k(7Y Ky
0.26 = 0.03 1.21 £+ 0.22 471 = 0.88

Assuming n force-generating units in the motor, values of p (probability of a single unit being found in the associated state), k' (pseudo-first-order rate
constant for binding of force-generating units), and K, (dimensionless dissociation constant of force-generating units) were calculated according to Egs.
12, 16, and 20. Mean *+ SE (standard error of the mean) values are presented.
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around the former is ~40. However, such tight packing is
obviously unlikely. Wilson and Macnab (1990) estimated
the stoichiometry of MotB as 25 per flagellum, which is
approximately the number of subunits in the M ring (Jones
et al., 1990). Calculating as before for n = 25, we find
(mean value + SE) P = 0.26 + 0.03,k, = 1.21 + 0.22s7,
ky=3.14 = 0.34s™', and K; = 4.71 = 0.88. In fact, as is
clear from Egs. 12 and 16, the value obtained for K is
linearly proportional to the value of n assumed.

A minority of the cells (see Table 1, group 2) did not
show the characteristic exponential phase of the autocorre-
lation function. In these cases the mean square residual
angle versus time plot was significantly less concave, and
the value of D, was smaller and closer to that of D, We
believe that these cells represent less usual cases in which
the force-generating units are much more tightly associated
with the rotor.

DISCUSSION

The main conclusion of this work is that the majority of
tethered RP1091 cells do not behave according to a simple
rotational diffusion model, i.e., their spinning cannot be
described solely in terms of Brownian motion superimposed
on a steady rotation. A slowly oscillating component, prob-
ably associated with local mechanical oscillations of the
membrane and/or incomplete switching (see below), and a
faster fluctuating component, possibly related to dissocia-
tion and association of the force-generating units, are com-
mon features of most of these cells. According to the
minimal treatment consistent with both the Berg-Khan and
Liuger models, a motor with eight force-generating units
would require each unit to have a dimensionless (pseudo-
first-order) dissociation constant of the order of 1.5 to
account for the observed fluctuations. If the number of
force-generating units is higher, the value of the dissociation
constant is increased proportionately. Below we discuss
these issues in more detail.

Comparison of the results of this study with
those of earlier studies

Eisenbach et al. (1990) estimated the contribution of
Brownian motion to fluctuations in rotation rate by using a
visual frame-by-frame method on DNP-uncoupled bacteria
and found it to be very small. However, such nonrotating
bacteria may not have their motors in the same state as when
rotating at physiological speeds. Instead, the motor may be
located between two angular energy barriers, giving rise to
partial or complete locking (Khan et al., 1985; Block et al.,
1989). The simplest evidence for this is that DNP-treated
cells do not usually drift at least one complete revolution in
6 min, which would be expected from free rotational diffu-
sion according to Eq. 3 (cf. Berg, 1976).

Khan et al. (1985) observed an upward curvature in plots
of the variance o”,, in rotation interval versus the number
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of revolutions « per interval and attributed it to gradual
changes in rotation speed over spans of ~1 min. An ana-
lytical expression for the influence of drift in rotation rate
on the mean square angle time dependence is derived in
Appendix C and shows that upward curvature is to be
expected both in the case of a gradual decrease and in the
case of a gradual increase of rotation rate. However, our
results demonstrate the presence of upward curvature in
cells rotating with constant mean rotation rates on time
scales of 20150 s. The upward curvature seen by Khan et
al. (1985) in Streptococcus cells may well be a result, at
least in part, of the low frequency oscillations in rotation
rate we have found in E. coli cells. (The effect of such
oscillations on the mean square angle is also discussed in
Appendix C.) The use of autocorrelation analysis has en-
abled us to separate time scales and estimate D,.. Indeed our
analysis indicates that the limiting slope of the mean square
angle time dependence approaches zero as t—0, so that the
quantity D, . , has some arbitrary intermediate value be-
tween zero and D.,.

Plots of mean square displacement versus time with up-
ward curvature have been referred to in the literature as
“enhanced diffusion” (Klafter et al., 1992) and “directed
motion” (Saxton, 1993). When followed by a linear region
they reflect a type of extended ballistic regime that appar-
ently characterizes the motor of RP1091 cells. The initial
concave shape of the plot is related to the memory of the
torque-generating machinery and is consistent with a model
of associating and dissociating force-generating units. The
high limiting diffusion coefficient D,, (see Table 1) evi-
dently stems from high frequency fluctuations related to the
mechanism.

Block et al. (1989) estimated the tether compliance from
the autocorrelation function of angular jitter caused by
Brownian rotation. They used partially locked Streptococ-
cus cells (see above). Although the time constant deter-
mined by their method is of the same order of magnitude as
those obtained in this work, the results are not related as the
compliance cannot be a source of fluctuations. However,
motor-generated torque fluctuations may well be partially
damped by the tether compliance, leading to elevated values
of T. In this case the calculated values of the rate constants
k, and k, constitute lower limits, but K; should not be
substantially altered.

Possible sources of non-Brownian fluctuations in
rotation rate

The possible sources of variations in the speed of rotation of
tethered bacteria that are not attributable to Brownian mo-
tion can be divided into two major groups: (1) fluctuations
not directly related to the motor, which include fluctuations
in proton-motive force, interactions of the bacterial body
with the glass surface including a non-uniform drag force
distribution in the proximity of the surface, a possible mod-
ulation of the rotation by neighboring free-running motors
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in the same bacterium, etc., and (2) fluctuations directly
related to the motor, including both torque generation and
switch action. Some of these sources are discussed below.

Fluctuation processes not directly related to the motor

Fluctuations in the driving force. The driving force of E.
coli motors is the electrochemical potential difference of
protons (Apy+) (reviewed in Caplan and Kara-Ivanov,
1993). Although both of its components, the membrane
potential difference (Ay) and the difference in the proton
concentration across the membrane (ApH), exhibit stochas-
tic variations, the effect of fluctuations of Ay (Liuger,
1984) and of ApH (Liuger, 1988) were estimated to be
small. Manson et al. (1980) concluded that, for Streprococ-
cus, Apy+ can be assumed constant for a metabolizing cell
regardless of the dynamic load. Berg and Turner (1993)
used the same assumption for E. coli cells. In our experi-
ments Apg+ is unlikely to have changed significantly as
the cells were in a motility medium rather than in a growth
medium and at low density with adequate aeration.

Interactions with the glass surface. Cells interacting with
the glass surface are expected to slow down or stop at fixed
angles (Lapidus et al., 1988). However, only cells that did
not exhibit a distinct slowdown at fixed angles were se-
lected for the analysis described above. Hence, although we
still cannot completely exclude interactions with the glass as
a factor contributing to the fluctuations, they cannot be an
important factor.

Fluctuation processes directly related to the motor

Association and dissociation of force-generating units.
As already mentioned, the model of binding and release of
force-generating units described above is consistent with the
studies of Blair and Berg (1988) on the restoration of torque
in defective flagellar motors. Although resurrected mutant
cells show, for the most part, stable rotation in comparison
with the predictions of our model, the conditions (e.g.,
intramembrane concentrations) are different from those de-
scribed here and, furthermore, different mutants may vary
significantly in their rate constants. It is interesting to note
that Anazawa et al. (1992) and Shimizu et al. (1992) ob-
served oscillations in their macroscopic measurements of
tension and sarcomere length change in skeletal myofibrils
and proposed that sarcomere length oscillation is connected
with transitions of the cross-bridges between force-generat-
ing and non-force-generating states. Thus the fluctuations in
rotation rate observed in our work may reflect an analogous
intrinsic feature of the mechanism of torque generation.

Fluctuations in the proton occupancy of the force-gener-
ating units. A possible source of fluctuations is a variation
in the number of protons in the proton channels constituting
the force-generating units. This could result in apparent
fluctuations of the driving force at constant Apy+. How-
ever, it was pointed out by Liuger (1988) that such fluctu-
ations are likely to be strongly damped by elastic filtering.
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Kleutch and Lauger (1990) introduced a rotational diffusion
coefficient accounting for fluctuations of force resulting
from fluctuations in the occupancy of ion-binding sites.
Stochastic simulations indicated that, under certain condi-
tions, this quantity would increase with increasing proton-
motive force although not enough to account for the high
values of D,, observed in the present study (see Kleutch and
Liuger, 1990, Fig. 16). However, such an effect might be
related to the decrease of amplitude of the rate fluctuations
we observed with increasing DNP concentration.

Sources of low frequency rate oscillations

Khan et al. (1985) observed that “from time to time, for no
apparent reason, cells (Streptococcus) also rapidly shifted
their rotation periods up or down by about 20 or 30%”. Blair
et al. (1991) mention “sudden speed changes that were
occasionally seen” in E. coli. These reports concerning
changes in the rotation rates of tethered bacteria may well
be related to the low frequency oscillations seen in this
study. In principle, such low frequency oscillations might
arise from any perturbation affecting the force-generation
geometry of the motor. We have focused on what seem to us
the two most probable sources: incomplete switching and
membrane oscillations.

Incomplete switching

The striking similarity between the time scales of the fast
and slow phases in the rotation of RP1091 (gutted strain)
cells and the clockwise and counterclockwise phases in
RP437 cells suggests that the oscillations observed in
RP1091 cells may be the result of incomplete switching of
the motor. (The presence of an intact switch complex in
RP1091 cells was demonstrated by Barak and Eisenbach,
1992.) If this is so, it implies that the switch undergoes
autonomous transitions. Binding to the switch of CheY-P
(the phosphorylated form of the chemotaxis protein CheY
(Barak and Eisenbach, 1992)) or, to a lesser extent, of CheY
itself increases the stability of the clockwise state of the
switch and decreases the stability of the counterclockwise
state of the switch. If CheY-P is not bound the outcome of
the transition would be a decline in rotation rate. In other
words, this notion implies that the initiation of switching is
not the binding of CheY-P to the switch, as has been
believed but is, rather, a built-in property of the switch
itself; the binding of CheY-P enables the completion of the
switching to occur. This feature can be readily incorporated
into a model of the switch recently suggested by Macnab
(1994), in which the tilt angle of FliM changes. Incomplete
switching might involve additional tilt positions of FliM,
and in some circumstances (e.g., in the presence of feed-
back) could conceivably become oscillatory rather than
stochastic. Whether this is correct or not remains to be
tested by more direct means.
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Membrane oscillations

Mittelman et al. (1991) observed local submicron cell mem-
brane displacements in B lymphocytes in the frequency
range 0.3-15 Hz. Similar low frequency membrane oscilla-
tions in erythrocytes have been discussed by Levin and
Korenstein (1991). In our case, studies with RP3098 cells
suggest that mechanical oscillations in the plasma mem-
brane probably occur. These may be responsible, at least in
part, for the slow oscillations in rotation rate.
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A. L. Burstein, A. M. Berezhkovskii, and L. Baranov for helpful discussions
in treating the problems connected with mean square angle analysis.
This study was supported by the Basic Research Foundation administered
by the Israel Academy of Sciences and Humanities.

APPENDIX

A: Autocorrelation function and mean square
residual angle

The accumulated angle describing the position of the long axis of a tethered
bacterium can be written as

() = j w(t)dt, (A1)

where w(t) is the rotation rate. From the experimentally determined accu-
mulated angle time dependence, the average rate of rotation (7) is ob-
tained, and hence the residual accumulated angle A6(¢) can be calculated:

AO(t) = 0(t) — w(t) t = tQ(t’)dt’ ,

(A2)
0
where (1) = w(t) — (7). It is seen that
1 [t
(A6 = Q@) > dri"dr’
0v0
(A3)
t [t
=2 J K@' —t")dt"dt' .
0vo
Here K(¢' — ¢'') is the autocorrelation function of the rate. For the

exponential range of the autocorrelation function of the rate (see the section
on autocorrelation function of rotation rate) we have

K(t) = Kexp(—H/T) (A9
and hence we find that
(A6 = 2K,THT + exp( — 4T) — 1], (AS)

which corresponds to Eq. 5.

Flagellar Rotation 261

B: Autocorrelation function and loose binding of
force-generating units

To estimate the mean rotation rate and its variance as given in the section
describing the model and its properties, we assume equilibrium binding of
force-generating units. We first calculate the equilibrium probability dis-
tribution W(m,n) where m units are associated and n — m units are free.
This is a well known problem (see, for example, Kittel, 1958). The
probability of any given combination of m associated units and n — m
dissociated units is p™(1 — p)™™; the required probability distribution
W(m,n) is therefore p™(1 — p)™™ times the number of distinct realizations
of m associated and (n — m) dissociated units. As the number of such
distinct realizations is n!/[m!(n — m)!] we have

W(m ,n) = np™(1 — p) "m'(n —m)'}. (B
To calculate o(f) and o”, we assume that each force-generating unit acts
independently of the others. For a single unit that can exist in two states the
mean rate o(f) and variance u? are given by

w,(t) = pay (B2)

# =[o()F — [@()] = pwy — pPwiy = p(1 — p)ej .
(B3)

For n independent units these quantities should be proportional to n:
o) = npwy (B4)
F=np’=np(l — p)wp. (B5)

The above two equations correspond to Egs. 10 and 11, respectively.
The autocorrelation function of the rotation rate K(t) is given by (see
Cooper and McGillem, 1967)

K@) =2 [o— W][wj - M]pipij(t) , (B6)

ij=0

where o, and w; are the rotation rates in states i and j, respectively, p; is the
equilibrium state probability, and p;(7) is the conditional probability of a
transition to state j from state i. Using the relations

Epipij(t) = p; and El’j =1,
i j

(B7)

we obtain:

K)y=2 w;w; p; p(t) — [w(®)P.

ij=0

(B8)

To calculate K(¢), we first calculate the autocorrelation function K,(r)
corresponding to the association and release of one force-generating unit
only. Using Egs. B2, B3, and B8, and taking into account that the disso-
ciated state does not contribute to rotary motion, we have

@y ppu(t) — [m]z

i p(1 — plexp[—(k; + ky)t]

Ki(t) =

(B9)

plexp[—(k, + k)t],

where p;,(?) is the conditional probability of remaining in the associated
state, given by

put) =p+ (1 —plexp[ — (k, + kx)t]. (B10)
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This conditional probability is obtained from the kinetics of a two-state
system with appropriate initial conditions. The autocorrelation function
K(¢) for n independent force-generating units is then

K(1) = nK,(t) = np’exp[—(k; + k)t]
(B11)

= g%exp[—(k; + k)t],

which corresponds to Eq. 17.

C: Influence of systematic changes in rotation
rate on mean square angle

As indicated by Khan et al. (1985), a downward drift in rotation rate should
lead to an increase in the concavity of the plot of variance in rotation
interval versus number of revolutions per interval. The same is true for the
mean square angle versus time dependence. In fact it is also true for an
upward drift and indeed any systematic change in rotation rate from the
mean value. Assume that, during a period of observation, T, a small drift
in rotation rate occurs that can be approximated by the linear correction yt
(here v is a constant coefficient of rate decrease):
o(t) = o + Q@) + 1, (C1)
where w,,;, is the initial rotation rate and €}(¢) is the random rate component
(cf. Appendix A). The accumulated angle in this case will be (Eq. B1)

0(t) = wut + AB() + v2/2, (C2)

and we can write an apparent mean square residual angle ([A0,,,(D]%)
containing a correction term A(¢) as follows:

([Aoapp(t)]2> = <[winitt + AO([) + 7’2/2 - wmeant]2>
= ([A6()F) + A(),

where w,,.,, is the mean rotation rate in the time interval 0 — T, , given
by

(€3)

Wmean = O(Tobs)/ Tobs = Wipit + ‘YTObS/Z ’

and the term

A(t) = (712/2 + Wit — wmeant)z = ‘Yz(tz - Tobst)2/4

()

(€5)

is nonnegative. This correction not only adds concavity to the mean square
angle versus time dependence but also an inflection point. All this, of
course, is a consequence of subtracting only the linear component of the
rate, Wpyean from the accumulated angle (see Eq. A2). Note that in the data
analysis it is most important to subtract all regular rate components and
thus leave only the random component. If some drift in rotation rate exists
(no matter what the reason), the corrected residual angle should be em-
ployed.

It is of interest to calculate the effect of an independent periodic low
frequency rate component on the residual mean square angle. After addi-
tion of the periodic component (for simplicity assumed to be sinusoidal
with amplitude 8, frequency A, and phase ¢) we have for the rotation rate

w(t) = w(t) + Q@) + Bsin(Ar + ) . (C6)

The accumulated angle in this case will be (Eq. Al)
6(t) = w(t) t + AB(t) + Blcosd — cos(A t + H)YA. (C7)

and subtracting only the component corresponding to rotation with con-
stant rate, according to the algorithm described in the section on mean
square residual angles and diffusion coefficients, leads again to an apparent
mean square residual angle ([A#’,,.(1)]°) given by
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([A0,,,()P) = ({A6(r) + Blcosd — cos(Ar + )JAP)
= (A1) + (B/N)X[cosd — cos(Ar + $))

= ([A6(1)F) + (B/MA1 — cos(Ar)]
(C8)

(Note that this result can also be derived by substituting Eq. C6 into Eq. Al
and proceeding according to Eqs. A2 and A3.) The last term in Eq. C8 is
the result of phase averaging, as the division into intervals as shown in Fig.
8 was performed without reference to the phase of any possible low
frequency components. It contributes concavity on short time scales cor-
responding to oscillatory behavior. However, in our method of data treat-
ment with T, as the sampling period (see text) this term can be neglected
for purposes of curve fitting; the use of Eq. 5 without adding the
correction term is sufficiently accurate for our needs. Simulations with
representative values of B and A estimated from the autocorrelation
curves (e.g., Fig. 5) show that the correction to the mean square residual
angle never exceeds 5%.
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